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Abstract

During the practice some properties of vortex states in high energy physics
have been studied. The width of muon weak decay has been calculated in Born
approximation for both polarized and unpolarized cases. The decay width of vortex
state of unpolarized muon have been calculated for several sets of Bessel beam
parameters. The analysis of the final electron energy distribution function and
electron angular distribution function has been carried out.

Introduction

In particle physics, there are two elementary types of processes: the decay of
a single particle and the scattering of two particles into an n-particle final state. Most
complex real-world particle interactions in colliders can be described as sequential
combinations of these elementary processes [1]. For most fields in the Standard
Model, linearized equations describing "free" particles can be constructed. The
solutions to these linearized equations are plane waves of varying algebraic
structure, depending on the field type — scalar, spinor, vector, etc. — i.e., states
with definite momentum and energy.

From an experimental perspective, quasi-monochromatic beams of
elementary particles are the simplest to produce and control. Therefore, calculating
decay widths and scattering cross-sections for particles with defined momenta
remains a relevant and important task.

There exist more complex types of beams—twisted or vortex beams. In such
beams, the projection of the momentum onto the beam's propagation direction is
well-defined and is typically the dominant component; they are quasi-
monochromatic. A distinctive feature of these beams is the presence of a non-zero
component of the system's orbital angular momentum projection onto the
propagation direction. This leads to an azimuthal phase dependence in the plane
transverse to the beam's propagation direction. Examples of such beams include
Bessel and Laguerre-Gauss beams.

Furthermore, since the field equations describing the propagation of such
"free" particle beams are linear, these beams can be constructed as a linear
combination of plane waves. Consequently, the decay width of a particle and the
scattering cross-section become related to plane-wave case through an integral
operator over the phase space of the initial beam.

This work is devoted to the calculation of the muon decay width in a Bessel
beam. This process is well-known in the plane-wave case [2,3]. It has been study in
application to vortex states under various approximations [4,5]. A similar process of
neutron beta decay in the vortex state has also been actively studied in [6].



Amplitude and weak decay width of muon

According to modern concepts, the amplitude of the weak muon decay in the
Born approximation has the form:
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At energies much lower than the mass of the W bosons, the propagator of the
vector boson field simplifies, and the amplitude reduces to the effective theory of
four-fermion interaction proposed by Fermi:

5 5
My; = 2V2G:am)Y* 2 v(qy) ey, 2 (g0, 2)

Let's assume that the muon in the initial state is polarized. This polarization
can be described by specifying the corresponding bispinor. The expectation value of
the spin operator is given by the spin 4-vector in this state:
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where s ) — is a three-component constant that coincides with the spatial part of the
particle's spin vector in its rest frame.
The corresponding density matrix of the initial particle is given by:
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Let's assume that we are not interested in the polarization state of the final
particles. Then the density matrix of the final fermions takes the form:

Ys=12 Us(q1)Us(q1) = (qr}’p +my) (52)
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The decay width of the particle is constructed as follows [7]:
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Bessel beam case

The Bessel beam represents a state of a particle with a given energy, a
projection of momentum in the propagating direction, a projection of orbital angular
momentum in the same one, and a specified spin state. In a cylindrical coordinate
system, where the z-axis is aligned with the beam direction, the expression for the
fermion field takes the following forms in coordinate and momentum
representations, respectively:

l/)kaZ(T) = Npes/m(X rl)ei(m(p+kzz), (7a)
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Parameter k, defines the projection of momentum along the beam direction,
x— the projection of momentum perpendicular to the beam direction, hm — the
projection of the particle’s orbital angular momentum onto the beam direction, and
the bispinor specifies the spin vector of the particle. Fig. 1 shows the distribution of
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the squared modulus and phase of the particle’s wave function in this state. The
momentum representation of this state is an expansion in terms of plane waves.

Figure 1. Bessel beam for a scalar particle. (a) Distribution of the squared modulus of the
field ¥, mi, N the plane perpendicular to the beam axis z for m = 2 and the phase indicated by

color. It is clearly visible that the phase goes from 0 to 27 twice in one rotation around the axis.
Constant phase surfaces of the twisted beam for (6) m = +1 and (8) m = —1. The color indicates
the variation of the squared modulus of the field ¥, .

The amplitude for a decaying particle in a superposition state is equal to the
amplitude in the plane-wave case, integrated over the phase space of the initial state.
To calculate decay cross-sections and widths, it is necessary to compute the square
of the amplitude, which consists of a sum of amplitudes from different plane waves.
Therefore, the final expression takes the form of a sum of squared amplitudes for
different initial plane-wave states and interference terms between different initial
plane-wave states. In the case of decay, the conservation of 4-momentum leads to
the appearance of a product of two delta functions depending on the difference
between the initial and the sum of final particle momenta. They are from the
amplitude and its complex conjugate one. For the interference term between
different plane waves, the sum of the final momenta is the same, as this quantity is
determined by the selected point in phase space, while the initial momenta are
different. Obviously, the product of these delta functions is always zero. Thus, for
decay, as well as for scattering of two particles where only one particle is in a
superposition state, the decay width or the corresponding cross-section is an
averaging of the plane-wave decay width over the phase space of the initial particle.
For Bessel beam case it leads to equation:

d
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Squared matrix element evaluation

In this section, the exact expression for the squared amplitude of muon decay
will be derived within the limit of the four-fermion interaction. The squared modulus
of (2) takes the form:
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Since the density matrices of the initial and final particles differ in form, it is
convenient to perform the calculations for both factors separately. For the first factor,
taking into account the form of the density matrices (5), one can obtain:

1 5 1— 5
Sp <(qua _m2)< -;y )yv(kpyp +me)yu< Zy ))
1 5 1 — 5
= Sp ((qé’ya) <%> v (kPy, + me))’u( 2)/ >)
1—-y° 1+y°
=Sp ((qé’ Yo ) Vv (Ty> (kPy, +m,) (%) )’u)

1— 5
= Sp (( Zy )(qé’ya)yv(k”yp)n)
(10)

Thus, for the unpolarized case, the mass of neutrinos and the electron does not
explicitly enter the squared matrix element, yet it still manifests itself in the structure
of the phase space of the final particles. The second factor, which includes the spin
factor of the initial particle, takes a different form:
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The expression, taking into account the mass of the particles, assumes the
same form as the massless case if we make the substitution: p* — p* — ms*. Taking
into account the relations p? = m?,s* = —1 and p"s, = 0, one could obtain that

vector p* — ms* is isotropic.



Then, the squared amplitude of the process in the Born approximation, taking
into account the masses of all four particles, has the form:

Ms|” = 64G2(kq,) (0 — ms)qy). (12)

Introduction of observables

Let us assume that detector can register only electrons, and can determine its
momentum. In this case, the primary observable is the differential decay width with
respect to the electron emission angle and energy:
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This quantity depends on the angle between the direction of the decaying
particle's propagation and the direction of the emitted electron, the energy of the
electron, the angle between the direction of the emitted electron and the spin of the
decaying particle, as well as the initial parameters of the system. The energy of the
electron in a certain direction takes on a continuous set of values, but is limited by a
maximum energy that depends on the direction of the emitted electron.

Let us consider the detailed calculation of the integral in (13). Taking into
account the form of the squared matrix element, one can express this integral as
follows:

k*(p —ms)Y [ q1,92,6*(q — q1 — q2)

d3q, d3q,
2q7 24q3

=k*(p — ms)vfuv(qzi my, my).
(14)
The quantity f,, (q?%; my,m,) can be expressed as a decomposition over all
tensor structures of the same rank, constructed from primitives based on symmetry
considerations. In this case, the only vector upon which this quantity depends is the
vector g*. Thus, the general form of £, (q%; m;, my) is:
fiw(@®imy,mp) = (M) g + g 25 (15)
Then, a(q?) and S (g?) are the solution of the following system:
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The final expression for f,, (g% my, m,) is the following:
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where the following notation is used X = m? + m3 and 4 = m# —m3. In the
subsequent numerical analysis, we will assume the neutrinos to be massless. Then
the previous expression will simplify significantly:

fiw(@®) = (49w + 24,9). (17
The expression for the muon decay width, taking into account the mass of the
electron, then has the form:
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The maximum energy of the electron, emitted in a certain direction, depends
on the angle between the momentum of the initial particle and the momentum of the
electron. The expression for the maximum energy of the electron, neglecting the
masses of the neutrinos, is given by (E, = p°):
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In the massless electron limit, which makes sense since the mass of the
electron is 207 times smaller than the mass of the muon, the given formula simplifies
significantly:

m
EZ*(0) = 2Eq(1—p cos(0))’ (20)

From the form of the given expression, it is obvious that electrons with the
maximum possible energy will be emitted in the direction of motion of the decaying
particle; as the angle between the direction of the electron and the decaying particle
increases, the maximum possible energy of the electron in the chosen direction will
decrease.

When considering the decay of particles in a Bessel beam according to (8),
the result will not differ in any way from the decay width of a set of incoherent
particles flying apart from a certain point on the surface of a cone with the same apex
angle 6,. In this case, for particles flying in different directions, there will be their
own maximum energy. Thus, two critical maximum energies appear E; < E,:

m? m?
B = i hcos@r00) B2 = 250 Bcos@—00) (21)

The first quantity defines the threshold energy below which the electron could
have been produced as a result of the decay of any of the initial particles. The second
quantity corresponds to those electrons that were emitted along the direction of any
initial muon, and represents the maximum possible energy of the emitted electron in
the system. From (21), it is evident that in the limit 8, — 0, the kinematics of the
Bessel beam transitions to the kinematics of a regular plane-wave one.

Of particular interest are the partial decay widths obtained by integrating (18)
over the angle or over the electron energy over their entire range of variation, and
the value of the total decay width. The total decay width in the rest frame of the
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decaying massive particle is convenient as a normalization factor and can be simply
calculated in the massless electron limit by integrating over the electron energy

within {0, EZ***(8)}, and then over the emission angle 8 within {0, }:
GEmS

1927-[3.. - - - - - - (21) -
Taking into account (8), it is convenient to introduce the following function
for a Bessel beam:

E drvor ex
w(E,, 0) === f d!)dlio' (22)

This functlon will be used for numerical analysis. Averaging the square of the
matrix element leads to the cancellation of the phase factor in the wave function
amplitude yY~e™?, Thus, due to the absence of interference terms, the decay width
does not depend on the orbital angular momentum carried by the beam. At the same
time, the kinematic features of the beam significantly distinguish the considered case
from that of a plane wave.

0:

Numerical analysis
A numerical analysis was performed in the Wolfram Mathematica package.

Within the framework of the numerical analysis, the unpolarized case of plane wave
and Bessel beams was considered. For the numerical analysis, an initial muon energy
of 3.1 GeV was chosen as a standard in the g-2 experiments and for verification
purposes [4]. The electron spectra for two values of the cone opening angle 8, in the
massless electron limit are presented in Fig. 2. Integration over the filling area yields
the total decay width. In the blue region, all particles in the beam contribute to the
integral, while in the red one only part of contributes. The peak corresponds to the
emission of the final electron along the one of the muon momentum,

Ee, GeV Ee, GeV

3.0}

2.5}

2.0f

'|.5_'

1.0}

05E

0.1 0.2 ﬂ.3_ 04 05 08 ] 0.1 02 03 04 05 08

Figure 2. Electron spectra for two values of the cone opening angles a) 6, = 0.1, b) 8, = 0.03.
The critical energy values of the electrons E; and E, are shown by solid lines.

It can be seen from the figure that the electron energy distributions at a fixed
observation angle will always start from the minimum energy, which is zero in the
massless electron limit. Behavior of the energy distribution function in the blue
region will be determined by the contribution from all muons in the beam. Starting
from energy E;, only muons propagating in directions close to the electron emission
direction make contribution to the energy distribution function value.
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The angular distribution at a fixed value of the emitted electron energy also
exhibits different behavior for high and low values of the final electron energy. An
electron with energy E, < E;(0) can be detected from zero angle relative to the
beam propagation direction up to a certain critical angle. At energy E, > E;(0), a
final electron with a given energy can only be detected in the vicinity of the cone of
the initial muon flight directions, and not along the beam propagation direction. The
function w(E,, 8), defined by relation (12), is presented in Fig. 3. The energy
distributions of the final electrons and the angular distribution for two values of the
opening angle and three values of the observation angles or final electron energies
are presented in Fig. 4 and Fig. 5, respectively.
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Figure 3. w(E,, 6) as a function both parameters for two cases of cone opening angles:
a) 6, = 0.1, b) 6, = 0.03.
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Figure 4. Electron energy distribution function (EEDF) for different cone opening angles and
different directions of the emitted final electron. a) 6, = 0.1,6 = 0.005, b) 8, = 0.1,6 = 0.1,
c)6,=0.1,0 =0.5,d) 8, =0.03,6 = 0.005,

e) 6, = 0.03,8 = 0.03,f) 6, = 0.03,6 = 0.5.

From the provided distributions, it can be seen that at large deviations from
the direction of the cone's axis, the behavior of the EEDF is similar both inside and
outside the cone (Fig. 4 a, c and d, ). Near the cone's axis, the behavior of the EEDF
is primarily determined by muons propagating in directions close to the observation
direction.
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Figure 5. Angular electron distribution function for different cone opening angles and different
directions of the emitted final electron. a) 6, = 0.1, E, = 0.025, b) 8, = 0.1, E, = 0.25,
)6, = 0.1,E, = 2.5,d) 8, = 0.03,E, = 0.025,

e) 6, = 0.03,E, = 0.25, ) 6, = 0.03,E, = 2.5.

The presence of a kink in the distribution functions serves as a highly
indicative marker of a non-plane-wave beam. Of particular interest is the robustness
of this marker against blurring of the cone opening angle. The results of the
robustness evaluation are shown in Fig. 6. Integration over the angle 8, could only
be performed numerically within finite limits.
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Figure 6. EEDF is shown by blue color for 6, = 0.03,6 = 0.1, by green one for averaging over
6, in the limits of {0.03-0.01, 0.03+0.01}, by red one for the case of «filled» cone, i. g.
averaging over 6, in the limits of {0, 0.03}.

From the provided figure, it can be seen that averaging smooths out the kink;
however, the shape of the distribution still retains a distinctive form.

Taking into account the mass of the electron in the decay at these energies
does not significantly alter the overall picture. The results of this consideration are
presented in Fig. 7. The large dips in the graph representing the difference between
the two distribution functions correspond to the regions of the kink in the graph and
the area of maximum energy. These dips can be explained, firstly, by the dependence

11



of the critical energies E,,and E, on the mass of the electron, and secondly, by the
nearly vertical nature of the function itself in the vicinity of these points, meaning
that a small deviation along the horizontal axis causes a significant change in the
function. For all intermediate energies, the relative effect is on the order of 0.1%.
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Figure 8. Correction to the EEDF with respect to electron mass for parameters
E, = 3.1GeV,0, = 0.03,60 = 0.1.
Conclusion

During the practice, the main focus was on exact calculation of the weak decay
width of muon in Born approximation. This value has been calculated taking into
account non-zero masses of all final particles. This results can be applied for neutron
weak decay, too.

The influence of non-plane-wave state of the initial particle on decay width
has been investigated. It was shown that there are no interference terms in decay
width between different plane-waves the initial state is decomposed on. So, any
superposition state of initial particle in decay-type process is similar to simple non-
coherent union of particles with the similar momentum distribution. However, in
contrast to this case, a vortex beam has one attractive property. It is topologically
protected from the diffraction and is more stable than just union of uncoherent
particles with the same momentum distribution. But all features of decay width
behavior are governed just by kinematics of the current process.

It will be interesting to deal with the scattering process with two initial
particles in superposition states. The interference terms of squared amplitude could
make large effort on differential cross section in special cases.
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