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Abstract

Quark interaction is studied from classical equations of Yang-Mills theory. Solving
these equations the characteristics of field and energy of quark interaction is determined.
It is shown that there are not any properties of quantum picture of interaction in classical
level. In addition, interaction of quark and antiquark through effective Cornell potential
in non-relativistic limit is considered and masses of 𝑐𝑐 and 𝑏�̄� mesons are calculated.

1 Introduction
It is believed that quark and antiquark that form meson are confined by a force that is caused
by potential that rises with the distance. It is assumed that this interaction occurs due to gluon
field that compresses the force into a thin tube between particles. Everywhere inside of this
tube there is no gluon field.

It is interesting to test the extent to which details of this picture are confirmed by properties
of exact solution in classical Yang-Mills theory with gauge group 𝑆𝑈(3). In this paper classical
solution for this problem is obtained.

The properties of solution strongly contradict the picture above.There are no hints of the
growth of the potential with the distance or compression of the field in а tube. Moreover, static
quarks interact by a force of classical Coulomb type, due to which they are attracted.

To solve these contradictions and properly describe properties of mesons way was proposed.
Non-relativistic quantum-mechanical problem of quark interaction was considered. It was as-
sumed that they attract due to effective potential – Coulomb plus linear part. Calculating
the energies of bounded states one may obtain the masses of mesons. This way works only
for 𝑐 and 𝑏 quarks, because they are quite heavy so the non-relativistic approximation may be
used.Furthermore, they have long lifetime to construct bounded states.

The paper is arranged as follows. Sec.2 introduces basic propositions of the classical Yang-
Mills theory and system of particles interacting with this field, covers general properties of
this interaction and treats solution of the Yang-Mills equations. Sec.3 is denoted to quantum-
mechanical problem of interaction of two quarks and calculating masses of mesons. In sec. 4
auxiliary figures are presented.
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2 Classical case
Quark interaction based on Yang-Mills vector field 𝐴𝜇, with gauge group 𝑆𝑈(3). The form of
field-strength tensor is:

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + [𝐴𝜇;𝐴𝜈 ] (1)

or componentwise:

𝐹 𝑎
𝜇𝜈 = 𝜕𝜇𝐴

𝑎
𝜈 − 𝜕𝜈𝐴

𝑎
𝜇 + 𝑔𝑓𝑎𝑏𝑐𝐴𝑏

𝜇𝐴
𝑐
𝜈 (2)

We study the 𝑆𝑈(3) theory with coupling strength 𝑔 and use component notation: 𝐴𝑎
𝜇, 𝑎 = 1, 8,

and matrix notation 𝐴𝜇 = −𝑖𝑔𝐴𝑎
𝜇𝜆𝑎/2,where 𝜆𝑎 — Gell-Mann matrices. The commutator is in

Lie algebra 𝑠𝑢(3).
Yang-Mills equations of these object reads[1]:

𝐷𝜇𝐹𝜇𝜈 = 𝑔𝑗𝜈 ,

𝐷𝜇 = 𝜕𝜇 + 𝑔[𝐴𝜇, ].
(3)

Electric and magnetic fields are derived from field-strength tensor:

𝐸𝑎
𝑖 = 𝐹 𝑎

0𝑖,

𝐹 𝑎
𝑖𝑗 = −𝑒𝑖𝑗𝑘𝐻𝑎

𝑘 .
(4)

The energy for Yang-Mill field has form:

𝐸 =
1

2

∫︁
𝑑𝑟 (EaEa + HaHa) . (5)

To determine 𝑗𝜈 , a current of matter, one should turn to theory of quarks.
Quark can be represented as a triplet relatively to 𝑆𝑈(3):

𝑢 =

⎛⎝𝑢1𝑢2
𝑢3

⎞⎠
𝑢1, 𝑢2, 𝑢3 are 4-component spinors. Components of 𝑢 correspond to different colors of quark.
Denote colors 1,2,3 as red green and blue, for instance green quark looks like:

𝑢 =

⎛⎝ 0
𝑢2
0

⎞⎠
Current of quark is written

𝑗𝜇𝑎 = −𝑖�̄�𝜆𝑎
2
𝛾𝜇𝑢 (6)

In this section only the case of resting quarks is considered, therefore 𝑗𝑚𝑢 is proportional to
𝛿𝜇0𝛿(r-a), where a is a location of the particle. Hence form for current of quarks of red, green
and blue colors respectively:

𝑗(𝑟)𝜇𝑎 = 𝛿𝜇0𝛿(r-a)

(︂
𝛿𝑎3 +

1√
3
𝛿𝑎8

)︂
𝑗(𝑔)𝜇𝑎 = 𝛿𝜇0𝛿(r-a)

(︂
−𝛿𝑎3 +

1√
3
𝛿𝑎8

)︂
𝑗(𝑏)𝜇𝑎 = 𝛿𝜇0𝛿(r-a)

(︂
−2√

3
𝛿𝑎8

)︂ (7)
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Consider interaction between red and antired quarks. Let red be at the point a and antired
at the point −a. Hence we obtain system (3) with the source:

𝑗𝜇𝑎 = 𝛿𝜇0𝛿(r-a)

(︂
𝛿𝑎3 +

1√
3
𝛿𝑎8

)︂
− 𝛿𝜇0𝛿(r+a)

(︂
𝛿𝑎3 +

1√
3
𝛿𝑎8

)︂
(8)

Before solving this system one can obtain important result. Quark interaction energy has the
form 1/𝑎.This is due to the fact that when 𝑎 is changed, the solutions, as is not difficult to
verify, undergo only scale transformations.

System (3) with source (8) is solved numerically, using scheme "cross"[3]. Results are shown
on figure 1, it is E3 field lines. This solution consides with classic Coulomb case (figure 2). This
conformity is in agreement with [4], where it is shown that if currents of different particles are
commute, then system (3) has only the classical Coulomb solution.

3 Quantum case
Consider quark-antiquark system, which interact through potential:

𝑉 (𝑟) = −𝐴
𝑟

+𝐵
𝑟

𝑎
, (9)

where 𝐴, 𝐵 are real positive constants, 𝑟 is distance between particles, and a= 2~2
𝑚𝐴

The reduced
mass of this system equals 𝑚/2, where 𝑚 is the mass of a quark. Substituting 𝑉 (𝑟) into
Schroedinger [2] equation one can obtain:

−~2

𝑚

𝑑2Ψ

𝑑𝑟2
+

[︂
−𝐴
𝑟

+
𝐵𝑟

𝑎
+
𝑙(𝑙 + 1)

𝑟2

]︂
Ψ = 𝐸Ψ. (10)

After substitution 𝑥 = 𝑟/𝑎 equation (10) takes the form:(︂
𝑑2

𝑑𝑥2
+ ℰ −

[︂
−1

𝑥
+ 𝑏𝑥+

𝑙(𝑙 + 1)

𝑥2

]︂)︂
Ψ = 0, (11)

where 𝑏 = 𝐵/𝐸0, 𝐸0 = 𝑚𝑐2

4
( 𝐴
~𝑐) and 𝐸 = ℰ𝐸0. After changing variable such as 𝑥 = 𝑢2 and

substituting Ψ =
√
𝑢𝑔(𝑢) one can obtain:

𝑔′′(𝑢) +

(︂
4 − 4𝑏𝑢4 + 4𝐸𝑢2 −

[︂
4𝑙(𝑙 + 1) + 3/4

𝑢2

]︂)︂
𝑔(𝑢) = 0 (12)

Putting 𝑧 = (2
√
𝑏)1/3 and 𝑔 = 𝑧𝛼+1𝑒−

𝑧3

3 𝑓 into 12, the equation below is yielded:

𝑓 ′′ = 2

(︂
𝑧2 − 𝛼 + 1

𝑧

)︂
𝑓 ′ +

(︀
2(𝛼 + 2)𝑧 − 𝛽𝑧2 − 𝛾

)︀
(13)

where 𝛾 = 4
(2
√
𝑏)2/3

, 𝛽 = 4ℰ
(2
√
𝑏)4/3

and 𝛼 = 2𝑙 + 1
2
. This equation is suitable for appling AIM (see

appendix A and [5],[6])
To calculate meson masses following method is used. First the energy of bounded

state is determined, then the quark and antiquark masses are added to it. Vary-
ing parameters 𝐴 and 𝐵, one can obtain good estimation for meson masses. This
approach is applied for 𝑐𝑐 mesons (𝜓(1𝑆), 𝜒𝑐0(1𝑃 ), 𝜓(2𝑆), 𝜒𝑐0(2𝑃 )) and 𝑏�̄� mesons
(Υ(1𝑆),Υ(2𝑆),Υ(3𝑆),Υ(4𝑆), 𝜒𝑏0(1𝑃 ), 𝜒𝑏0(2𝑃 ), 𝜒𝑏(3𝑃 ),Υ(1𝐷)). Results are presented in ta-
bles 1 and 2. The best values of 𝐴

~𝑐 and 𝐵
𝐸0

for 𝑐𝑐 are 0.9 and 1.1, for 𝑏�̄� are 0.14 and 1.9.
Theoretical predictions match with the experimental data [7] well.
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Table 1: Masses of сс̄ mesons.

𝜓(1𝑆) 𝜓(2𝑆) 𝜒𝑐0(1𝑃 ) 𝜒𝑐0(1𝑃 )
Precise masses, GeV 3.096 3.686 3.414 3.918
Calculated masses, GeV 3.0 3.7 3.4 3.9

Table 2: Masses of 𝑏�̄� mesons.

Υ(1𝑆) Υ(2𝑆) Υ(3𝑆) Υ(4𝑆)
Precise masses, GeV 9.460 10.023 10.355 10.579
Calculated masses, GeV 9.4 9.9 10.4 10.6

𝜒𝑏0(1𝑃 ) 𝜒𝑏0(2𝑃 ) 𝜒𝑏(3𝑃 ) Υ(1𝐷)
Precise masses, GeV 9.912 10.255 10.534 10.163
Calculated masses, GeV 9.9 10.3 10.5 10.2

4 Figures

Figure 1: E3 field lines of quark interaction.
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Figure 2: E field lines of charge interaction.
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Appendix A
AIM is an asymptotic iteration method. It is used to solve second order linear differential
equation such as:

𝑦′′ = 𝜆0𝑦
′ + 𝑠0𝑦 (14)

where 𝜆0 and 𝑠0 are 𝐶∞ functions. AIM can be used for solving the Schroedinger equation.
Using the functions:

𝜆𝑛 = 𝜆𝑛−1 + 𝑠𝑛−1 + 𝜆0𝜆𝑛−1

𝑠𝑛 = 𝑠′𝑛−1 + 𝑠0𝜆𝑛−1

(15)

one can obtain energy levels through following condition for some large 𝑛:

𝛿𝑛(𝑥,𝐸) = 𝑠𝑛(𝑥,𝐸)𝜆𝑛−1(𝑥,𝐸) − 𝑠𝑛−1(𝑥,𝐸)𝜆𝑛(𝑥,𝐸) = 0 (16)
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